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3-DIMENSIONAL COMPLETE GRADIENT YAMABE
SOLITONS WITH DIVERGENCE-FREE COTTON
TENSOR
SHUN MAETA
Abstract. In this paper, we classify 3-dimensional complete gra-
dient Yamabe solitons with divergence-free Cotton tensor. More-
over, we give some classifications of complete gradient Yamabe
solitons under the scalar curvature is nonpositive or nonnegative,
and the Ricci curvature is nonpositive (or nonnegative) in the di-
rection of the gradient of the potential function.
1. Introduction
A Riemannian manifold (Mn, g) is called a gradient Yamabe soliton
if there exists a smooth function F on M and a constant ρ ∈ R, such
that
(1.1) (R− ρ)g = ∇∇F,
where R is the scalar curvature on M and ∇∇F is the Hessian of F .
If ρ > 0, ρ = 0 or ρ < 0, then the Yamabe soliton is called shrinking,
steady or expanding. If the potential function F is constant, then it is
called trivial. It is known that any compact Yamabe soliton is trivial
(see for example [7], [12]). Yamabe solitons are special solutions of
the Yamabe flow which was introduced by R. Hamilton [10]. (1.1) is
similar to the equation of the Ricci soliton
Ric +∇∇f = ρg,
where Ric is the Ricci tensor of M . Ricci solitons are special solu-
tions of the Ricci flow ∂
∂t
g = −2Ric which was also introduced by R.
Hamilton [11]. As is well known, by using the Ricci flow, G. Perel-
man [15], [16], [17] proved Thurston’s geometrization conjecture [18]
and Poincare´ conjecture. In the first paper of Perelman, he mentioned
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that “any 3-dimensional complete noncompact κ-noncollapsed gradient
steady Ricci soliton with positive curvature is rotationally symmetric,
namely Bryant soliton” without the proof. In [5], H.-D. Cao, G. Catino,
Q. Chen, C. Mantegazza and L. Mazzieri gave a partial answer to the
conjecture. Finally, S. Brendle proved the conjecture [2]. In this paper,
we consider the similar problem to the Perelman’s conjecture. More
generally, we consider the following problem.
Problem 1. Classify nontrivial non-flat complete 3-dimensional gra-
dient Yamabe solitons.
P. Daskalopoulos and N. Sesum [9] showed that “all locally confor-
mally flat complete gradient Yamabe solitons with positive sectional
curvature have to be rotationally symmetric” which was inspired by
H.-D. Cao and Q. Chen’s paper [3]. Furthermore, they constructed
some examples of rotationally symmetric gradient Yamabe solitons on
R
n with positive sectional curvature. Recently, H.-D. Cao, X. Sun
and Y. Zhang relaxed the assumption and showed that any nontrivial
non-flat complete and locally conformally flat gradient Yamabe soli-
ton with nonnegative scalar curvature is rotationally symmetric. G.
Catino, C. Mantegazza and L. Mazzieri’s work [7] is also very impor-
tant. They classified complete conformal gradient solitons with non-
negative Ricci tensor. As a corollary, they classified nontrivial complete
gradient Yamabe solitons with nonnegative Ricci tensor. Finally, it is
shown that complete gradient Yamabe solitons are rotationally sym-
metric under (1) nonnegative Ricci tensor is positive definite at some
point, by Catino, Mantegazza and Mazzieri [7], or (2) positive Ricci
curvature, by Cao, Sun and Zhang [6]. Therefore, in this paper, we
consider 3-dimensional Yamabe solitons without any assumptions for
non-negativity of curvatures. Our main theorem is the following, which
gives an affirmative partial answer to Problem 1:
Theorem 1.1. Let (M3, g, F ) be a nontrivial non-flat 3-dimensional
complete gradient Yamabe soliton with divergence-free Cotton tensor
(i.e., Bach flat).
I. If M is steady, then M is rotationally symmetric and equal to the
warped product
([0,∞), dr2)×|∇F | (S
2, g¯S),
where g¯S is the round metric on S
2.
II. If M is shrinking, then
(1) M is rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S),
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where g¯S is the round metric on S
2, or
(2) |∇F | is constant and M is isometric to the Riemannian product
(R, dr2)×
(
S
2
(
1
2
ρ|∇F |2
)
, g¯
)
,
where S2(1
2
ρ|∇F |2) is the sphere of constant Gaussian curvature 1
2
ρ|∇F |2.
III. If M is expanding, then
(1) M is rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S),
where g¯S is the round metric on S
2, or
(2) |∇F | is constant and M is isometric to the Riemannian product
(R, dr2)×
(
H
2
(
1
2
ρ|∇F |2
)
, g¯
)
,
where H2(1
2
ρ|∇F |2) is the hyperbolic space of constant Gaussian cur-
vature 1
2
ρ|∇F |2.
Remark 1.2. (1) For dimension n ≥ 4, Bach [1] introduced the Bach
tensor in 1920’s.
Bij =
1
n− 3
∇k∇lWikjl +
1
n− 2
RklWi
k
j
l(1.2)
=
1
n− 2
(∇kCkij +RklWi
k
j
l),
where W is the Weyl tensor and C is the Cotton tensor. In [5], the
Bach tensor for 3-dimensional manifolds was introduced as follows.
Bij = ∇kCkij.
(2) On a 3-dimensional manifold M , M is locally conformally flat if
and only if the Cotton tensor vanishes.
The remaining sections are organized as follows. Section 2 contains
some necessary definitions and preliminary geometric results. Section 3
is devoted to the proof of Theorem 1.1. In section 4, we consider
complete gradient Yamabe solitons with nonpositive or nonnegative
scalar curvature.
2. Preliminary
The Riemannian curvature tensor is defined by
R(X, Y )Z = −∇X∇Y Z +∇Y∇XZ +∇[X,Y ]Z,
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where ∇ is the Levi-Civita connection. The Ricci tensor Rij or Ric is
defined by Rij = Ripjp. The Weyl tensor W and the Cotton tensor C
are defined by
Rijkl =Wijkl +
R
(n− 1)(n− 2)
(gilgjk − gikgjl)
−
1
n− 2
(Rilgjk +Rjkgil − Rikgjl −Rjlgik)
=Wijkl + Sikgjl + Sjlgik − Silgjk − Sjkgil,
Cijk =∇iRjk −∇jRik −
1
2(n− 1)
(gjk∇iR− gik∇jR)
=∇iSjk −∇jSik,
where S = Ric − 1
2(n−1)
Rg is the Schouten tensor. The Cotton tensor
is skew-symmetric in the first two indices and totally trace free, that
is,
Cijk = −Cjik and g
ijCijk = g
ikCijk = 0.
As is well known, a Riemannian manifold (Mn, g) is locally conformally
flat if and only if (1) for n ≥ 4, the Weyl tensor vanishes, (2) for n = 3,
the Cotton tensor vanishes. Moreover, for n ≥ 4, if the Weyl tensor
vanishes, then the Cotton tensor vanishes. We also see that when
n = 3, the Weyl tensor always vanishes, but the Cotton tensor does
not vanish in general.
We prove some formulas needed later. Taking trace of the definition
of the Yamabe soliton,
(2.1) n(R− ρ) = ∆F,
where ∆ is the Laplacian on M . In general, we have
(2.2) ∆∇iF = ∇i∆F +Rij∇jF.
Substituting
∆∇iF = ∇k∇k∇iF = ∇k((R− ρ)gki) = ∇iR,
and
∇i∆F = ∇i(n(R− ρ)) = n∇iR,
into (2.2), we have
(2.3) (n− 1)∇iR +Ril∇lF = 0.
Thus, we have
(2.4) (n− 1)g(∇R,∇F ) = −Ric(∇F,∇F ).
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On the other hand, by (2.3) and the contracted second Bianchi identity,
(2.5) (n− 1)∆R +
1
2
g(∇R,∇F ) +R(R− ρ) = 0.
Combining (2.4) with (2.5), we obtain
(2.6) ∆R =
1
2(n− 1)2
Ric(∇F,∇F )−
1
n− 1
R(R− ρ).
3. Proof of Theorem 1.1
In this section, we give a proof of Theorem 1.1. To prove Theorem
1.1, we use the following useful theorem by H.-D. Cao, X. Sun and Y.
Zhang:
Theorem 3.1 ([6]). Let (Mn, g, F ) be a nontrivial complete gradient
Yamabe soliton. Then, |∇F |2 is constant on regular level surfaces of
F , and either
(1) F has a unique critical point at some point p0 ∈ M , and M is
rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
n−1, g¯S),
where g¯S is the round metric on S
n−1, or
(2) F has no critical point and M is the warped product
(R, dr2)×|∇F | (N
n−1, g¯),
where N is a Riemannian manifold of constant scalar curvature. Fur-
thermore, if the Ricci curvature of N is nonnegative, then M is iso-
metric to the Riemannian product (R, dr2)× (Nn−1, g¯); if R ≥ 0, then
either R > 0, or R = R = 0 and (M, g) is isometric to the Riemannian
product (R, dr2)× (Nn−1, g¯).
Proof of Theorem 1.1. We only have to consider the case (2) of Theo-
rem 3.1. Since
∇iBij =∇i∇kCkij
=∇i∇k(∇kSij −∇iSkj)
=∇i∇k∇kSij −∇k∇i∇kSij
=Rikkp∇pSij +Rikip∇kSpj +Rikjp∇kSip
=− Rip∇pSij +Rkp∇kSpj + (Sijgkp + Skpgij − Sipgkj − Skjgip)∇kSip
=SijCkik + SipCijp
=− CjipRip,
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∇i∇jBji = −∇iCijkRjk − Cijk∇iRjk.(3.1)
By the definition and a property of the Cotton tensor,
Cijk∇iRjk =Cijk(Cijk +∇jRik +
1
4
(gjk∇iR− gik∇jR))
=|Cijk|
2 − Cjik∇jRik.
Thus, we have
(3.2) Cijk∇iRjk =
1
2
|Cijk|
2.
Substituting (3.2) into (3.1), we have
∇i∇jBji = −BjkRjk −
1
2
|Cijk|
2.
By the assumption thatM has divergence-free Cotton tensor (i.e., Bach
flat), the Cotton tensor vanishes, that is, M is locally conformally flat.
As in the proof of Theorem 3.1, it is shown that in any open neigh-
borhood U of N2 in which F has no critical points,
g = dr2 + (F ′(r))2g¯ = dr2 +
(F ′(r))2
(F ′(r0))2
gab(r0, x)dx
adxb,
where (x2, x3) is any local coordinates system onN2 and g¯ = (F ′(r0))
−2g¯r0,
where g¯r0 is the induced metric on N
2.
By a direct calculation, we can get formulas of the warped product
manifold of the warping function |∇F | = F ′(r). By (1.1),
R− ρ = F ′′.(3.3)
For a, b, c, d = 2, 3,
R1a1b = −F
′F ′′′g¯ab, R1abc = 0,(3.4)
Rabcd = (F
′)2R¯abcd + (F
′F ′′)2(g¯adg¯bc − g¯acg¯bd),
R11 =− 2
F ′′′
F ′
, R1a = 0,(3.5)
Rab =R¯ab − ((F
′′)2 + F ′F ′′′)g¯ab,
R = (F ′)−2R¯− 2
(F ′′
F ′
)2
− 4
F ′′′
F ′
,(3.6)
where curvature tensors with bar are the curvature tensors of (N, g¯).
Since (N2, g) is a 2-dimensional manifold,
Rabcd = −
R¯
2
(g¯adg¯bc − g¯acg¯bd),
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R¯ad =
R¯
2
g¯ad.
Substituting these into (3.4) and (3.5), we have
R1a1b = −F
′F ′′′g¯ab, R1abc = 0,(3.7)
Rabcd = −(F
′)3
(1
2
F ′R + 2F ′′′
)
(g¯adg¯bc − g¯acg¯bd),
R11 =− 2
F ′′′
F ′
, R1a = 0,(3.8)
Rab =
(R
2
(F ′)2 + F ′F ′′′
)
g¯ab.
Hence, the Cotton tensor Cijk is
Cijk =


∇1(Rab −
1
4
Rgab) (a, b = 2, 3),
0 (other).
Thus, we have
(3.9)
R
4
(F ′)2 + F ′F ′′′ = c (constant).
Combining (3.9) with (3.6), we have
(F ′′)2 =
1
2
R¯− 2c.
Since R¯ is constant, F ′′ is constant. By (3.3), R is constant. By (3.9)
again,
(3.10)
1
4
R(F ′)2 = c.
If c = 0, then R = 0. From this and (3.7), M is flat.
If c 6= 0, then we have R 6= 0 and F ′ is constant. Thus, R − ρ =
F ′′ = 0.
Case I. M is steady: In this case, we have R = ρ = 0, which is a
contradiction.
Case II. M is shrinking: By R = ρ > 0 and (3.6), R¯ = R(F ′)2 =
ρ|∇F |2 > 0.
Case III. M is expanding: By R = ρ < 0 and (3.6), R¯ = R(F ′)2 =
ρ|∇F |2 < 0.

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4. Complete gradient Yamabe solitons with R ≤ 0 or R ≥ 0
As mentioned before, H.-D. Cao, X. Sun and Y. Zhang showed that
any nontrivial non-flat complete and locally conformally flat gradient
Yamabe soliton with R ≥ 0 is rotationally symmetric. Therefore, in
this section, we first consider the Yamabe soliton with Ric(∇F,∇F ) ≤
0 instead of “locally conformally flat.” Secondly, we consider the case
where R ≤ 0 (for M is shrinking or steady).
Proposition 4.1. Let (Mn, g, F ) be an n-dimensional complete gra-
dient Yamabe soliton with Ric(∇F,∇F ) ≤ 0. Suppose that F has no
critical point. Then, the following holds.
(1) M is shrinking or steady: If R ≥ ρ, then R = ρ.
(2) There exists no expanding soliton with R ≥ 0.
As a corollary, by using the similar argument as in the proof of Theo-
rem 1.1, we can classify nontrivial non-flat complete 3-dimensional gra-
dient Yamabe solitons: IfM is shrinking withR ≥ ρ and Ric(∇F,∇F ) ≤
0, then
(1) M is rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S),
where g¯S is the round metric on S
2, or
(2) |∇F | is constant and M is isometric to the Riemannian product
(R, dr2)×
(
S
2
(
1
2
ρ|∇F |2
)
, g¯
)
,
where S2(1
2
ρ|∇F |2) is the sphere of constant Gaussian curvature 1
2
ρ|∇F |2.
If M is steady or expanding with R ≥ 0 and Ric(∇F,∇F ) ≤ 0, then
M is rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S).
Proof of Proposition 4.1. As in the proof of Theorem 3.1, it is shown
that in any open neighborhood U of Nn−1 in which F has no critical
points,
g = dr2 + (F ′(r))2g¯ = dr2 +
(F ′(r))2
(F ′(r0))2
gab(r0, x)dx
adxb,
where (x2, · · · , xn) is any local coordinates system on Nn−1 and g¯ =
(F ′(r0))
−2g¯r0, where g¯r0 is the induced metric on N
n−1.
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By a direct calculation, we can get formulas of the warped product
manifold of the warping function |∇F | = F ′(r). By (1.1),
R− ρ = F ′′.(4.1)
For a, b, c, d = 2, · · · , n,
R1a1b = −F
′F ′′′g¯ab, R1abc = 0,(4.2)
Rabcd = (F
′)2R¯abcd + (F
′F ′′)2(g¯adg¯bc − g¯acg¯bd),
R11 =− (n− 1)
F ′′′
F ′
, R1a = 0,(4.3)
Rab =R¯ab − ((n− 2)(F
′′)2 + F ′F ′′′)g¯ab,
R = (F ′)−2R¯ − (n− 1)(n− 2)
(F ′′
F ′
)2
− 2(n− 1)
F ′′′
F ′
.(4.4)
Since ∇F = F ′ ∂
∂r
,
(4.5) Ric(∇F,∇F ) = (F ′)2R11 = −(n− 1)F
′F ′′′.
By the assumption, R′ = F ′′′ ≥ 0. By the definition of the Laplacian,
∆R =gij(∂i∂jR − Γ
k
ij∂kR)
=R′′ − gijΓ1ijR
′,
where ∂i =
∂
∂r
, (i = 1) and ∂i =
∂
∂xi
, (i = 2, · · · , n). The Christoffel
symbol is given by
Γ1ij =
1
2
g1k(∂igjk + ∂jgik − ∂kgij)
=
1
2
(∂igj1 + ∂jgi1 − ∂1gij).
Here,
∂1g11 = 0, ∂ag11 = 0 and ∂1gab = 2F
′F ′′g¯ab.
Thus, we have
Γ111 = 0, Γ
1
1a = 0 and Γ
1
ab = −F
′F ′′g¯ab.
Hence,
(4.6) ∆R = R′′ + (n− 1)
F ′′
F ′
R′.
Combining (4.6) with (2.6),
(4.7) R′′ = −(n− 1)
F ′′
F ′
R′ −
1
2(n− 1)
F ′R′ −
1
n− 1
R(R− ρ).
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Case (1), M is shrinking or steady: By the assumption, R ≥ ρ(≥ 0),
that is, F ′′ ≥ 0. From this and R′ ≥ 0,
F (4) = R′′ ≤ 0.
Thus, F ′′ is a non-negative weakly concave function, which means that
F ′′ must be constant. Hence, R is constant. By (4.7), R = ρ.
Case (2),M is expanding: Assume that there exists expanding Yam-
abe soliton with R ≥ 0. The same argument shows R = 0, that is,
F ′′ = −ρ < 0. From this, F ′(> 0) is a non-constant linear function,
which cannot happen.

Remark 4.2. If we assume that Ric(∇F,∇F ) ≥ 0 instead of Ric(∇F,∇F ) ≤
0 on Proposition 4.1, then we immediately obtain R = ρ without the
assumption R ≥ ρ (or R ≥ 0). In fact, by (4.5), F ′′′ ≤ 0. Thus, F ′
is a positive weakly concave function, which means that F ′ must be
constant. Therefore, R = ρ. As a result, we can get the same classifi-
cation as in Theorem 1.1 for n = 3, under Ric(∇F,∇F ) ≥ 0 instead
of flatness of the Bach tensor.
Secondly, we consider the case where R ≤ 0 (for M is shrinking or
steady).
Lemma 4.3. Let (Mn, g, F ) be an n-dimensional complete gradient
Yamabe soliton with Ricci curvature bounded from below and Ric(∇F,∇F ) ≤
0. Suppose that F has no critical point. Then, the following holds.
(1) There exists no shrinking soliton with R ≤ 0.
(2) M is steady or expanding: If R ≤ ρ, then R = ρ.
By the similar argument as in the proof of Theorem 1.1, we can get
a classification:
Corollary 4.4. Let (M3, g, F ) be a nontrivial non-flat 3-dimensional
complete gradient Yamabe soliton with Ricci curvature bounded from
below and Ric(∇F,∇F ) ≤ 0.
I. M is shrinking or steady: If R ≤ 0, then M is rotationally sym-
metric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S),
where g¯S is the round metric on S
2.
II. M is expanding: If R ≤ ρ, then
(1) M is rotationally symmetric and equal to the warped product
([0,∞), dr2)×|∇F | (S
2, g¯S), or
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(2) |∇F | is constant and M is isometric to the Riemannian product
(R, dr2)×
(
H
2
(
1
2
ρ|∇F |2
)
, g¯
)
,
where H2(1
2
ρ|∇F |2) is the hyperbolic space of constant Gaussian cur-
vature 1
2
ρ|∇F |2.
Proof of Lemma 4.3. (1) M is shrinking: Assume that there exists a
Yamabe soliton with R ≤ 0. Set L = −R ≥ 0. By (2.6),
∆L =−
1
2(n− 1)2
Ric(∇F,∇F ) +
1
n− 1
L(L+ ρ)
≥−
1
2(n− 1)2
Ric(∇F,∇F ) +
1
n− 1
L2.
By the assumption Ric(∇F,∇F ) ≤ 0, we obtain
∆L ≥
1
n− 1
L2.
Since L is nonnegative, by Omori-Yau’s maximum principle, L = 0.
Thus, F ′′ = −ρ (as in the proof of Proposition 4.1). Hence, F ′(> 0) is
a non-constant linear function, which cannot happen.
(2) M is steady or expanding: Set u = ρ−R. By (2.6) again,
∆u =−
1
2(n− 1)2
Ric(∇F,∇F ) +
1
n− 1
R(R− ρ)
≥−
1
2(n− 1)2
Ric(∇F,∇F ) +
1
n− 1
u2.
By the assumption Ric(∇F,∇F ) ≤ 0, we obtain
∆u ≥
1
n− 1
u2.
Since u is nonnegative, by Omori-Yau’s maximum principle, u = 0,
that is, R = ρ.

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